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Abstract 
Linear algebra, especially vector equations in 3-dimensional (3D) space, was the least performed topic of fundamental 
mathematics for Japanese engineering students. For most of them, symbolic representations in textbooks were too abstract, 
3D graphic objects took too much time to draw on notebooks, and too few verbal explanations were given in the lectures. 
Because they didn’t feel the reality in vectors and didn’t connect symbolic vector equations with graphic representations in 
their mind, the learnt knowledge evaporated easily just after the exams. A virtual game with interactively changeable 3D 
graphics was developed to improve this situation. The game was conducted in a classroom with a projector displaying the 
on-going results in front of the class. Students’ avatars had graphic icons and characteristic vectors, and team of avatars 
fought each other in battles. The winners of the battles were calculated using a scalar product of 3D vectors. The game was 
combined with a web-based learning system, where students could learn the connection between symbolic and graphic 
representations of lines or planes in 3D space interactively. Students earn learning points by using the system, and the 
points could be used advantageously in the battles. Young students felt some reality in the game, and increased experiences 
of handling 3D graphic objects using vectors. They learnt how an inner product of two vectors decided the winners of 
battles graphically through the game. And interested students increased the amount of out-of-class activities on the learning 
system. However, they testified that the game was too simple and had little space for them to devise their winning tactics. 
That is why we added several new features to the game for increasing reality of the battles and also helping the students to 
deepen their understanding on vector operations. Students’ reflections to the game and the learning system were collected 
through interviews to some students or measured through their learning histories on the system and the out-of-class 
exercises. According to the interviews, the game and the learning system helped them to feel more reality in linear algebra 
and to start learning it meaningfully.  
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1. Background 
At the college the authors work for, linear algebra, especially three-dimensional (3D) vector equations and 
their operations, is the most poorly performed topic of pre-college level mathematics in annual INCT (Institute 
of National College of Technology, Japan) achievement tests, which has been given to all the third-year 
students (18 years old) of colleges of technology in Japan since 2007 [1]. 
The suspected reason of the poor performance is surface learning [2] spreading among Japanese students. 
Surface-learners are easy to find because their answer sheets have more blank spaces, fewer drawings, and 
fewer explanatory sentences. They blindly memorize as many formulas and solutions as possible to be ready 
for the examinations of limited target topics, but forget most of them after the examinations. Since INCT 
achievement tests are given at least half a year after their learning of the target topics, isolated knowledge do 
not remain at the achievement tests. Surface learners tend to stick to analytic reasoning, while in mathematics 
both analytic and visual reasoning are important. Often visualization acts as a map showing a direction for the 
reasoning process [3]. But according to Stylianou and Dubinsky [4], many students have difficulties in 
analyzing visual representations, and therefore, they cannot utilize them in problem solving. 
3D vector equations are often become the target of surface learning because of the traditional teaching style 
of linear algebra in Japan. It is taught deductively as abstract ideas starting from definition, followed by 
manipulating rules, and some calculating exercises. The connection between symbolic and visual 
representations of graphic objects is rarely mentioned especially in 3D, partly because of the difficulty of 
drawing 3D graphic objects on chalkboard. It is quite difficult for engineering students to learn such abstract 
mathematical ideas without knowing actual applications in their minds. 
2. Virtual game and interactive worksheets for learning 3D vector equations 
2.1. Introducing 3D vectors in a virtual game 
For guiding engineering students to more meaningful learning of linear algebra, we changed our lesson plan 
to start from an actual application of 3D graphics [5] based on the MODEM approach [6]. Current application 
is a virtual game, where students join a tournament composed of various battles using 3D vectors [7]. The 
winner of each battle is decided by a scalar product of 3D vectors, and shown in 3D graphic images. Through 
the game, students have some experience of handling and observing graphical images of vectors. They are 
expected to feel reality in vectors, have big pictures of them, and are ready to learn the abstract concepts and 
methods. As an introductory application, the original game does not show any symbolic representations. 
Instead, it focuses to show visual relations between graphical objects. 3D vectors are introduced as the means 
to explain the rule of the virtual game. The students who want to perform well in the game will analyse the rule 
and find the patterns and underlying mechanisms, which are the mathematical ideas and methods we want to 
teach them. 
In operation, we divide 40 students into eight groups, and let them design their own avatars in a computer 
laboratory before the lesson. They select a graphic icon from four candidates and adjust the characteristics 
vectors (Fig. 1). Because the length of the vectors is fixed by the system, with a small random fluctuation to 
avoid completely the same values, students are only allowed to change the directions of the vectors. By 
selecting the directions of their own avatars, students are accustomed to the three elements of vectors and their 
influence on the direction of the vectors. 
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Fig. 1. Designing an avatar for the game 
In the virtual game, teams of students’ avatars compete each other in a tournament of different kind of 
battles, for example, boxing, solving puzzles, or Karaoke competitions. The characteristics of battlefields and 
avatars are expressed with 3D vectors. An operation of those vectors decides the winner of a battle, and result 
of the battle is also shown graphically. 
 
The on-going battle is projected onto the big screen (Fig. 2), and all the students in the class observe the 
game. Two teams are called at a battle, and each selects the right avatar for the battle from their member lists. 
The graphic icons of the competing avatars are shown in the upper left and right corners, characteristics vectors 
of the avatars and the battlefield are shown in the upper middle part, and two lists of characteristics vectors, 
which belong to the avatars of both teams, are shown at both lower corners. The lower central part shows the 
control button of the game and the result of each battle. The students of waiting teams and already-lost teams 
observe the on-going battles, analyse the vector field, and try to predict the winner or to plan their own tactics 
in the next battles. 
 
The virtual game is programmed with Mathematica programming language. Mathemaica or CDF Player, 
which is downloadable from Wolfram’s homepage [8], must run on the players’ PCs. The controller of the 
game has also a database that holds the information related to the battles and avatars, which have been copied 
from the learning system. 
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Fig. 2. Displaying on-going virtual game 
2.2. Learning the visual & symbolic connection with interactive worksheets 
After the introduction using the game, students also have the opportunities to use interactive worksheets on 
a web-based learning system, where they manipulate 3D graphic objects and observe the simultaneously 
changing parameters of vector equations on their computer screens [9]. Through this work, they gradually 
identify the connection between visual and symbolic representations of a line or a plane in 3D space. 
 
Fig. 3. (a) Finding a line that runs through two points; (b) Finding a plane that runs through three points in 3D space 
36   Hitoshi Nishizawa et al. /  Procedia Computer Science  25 ( 2013 )  32 – 40 
In the worksheet shown in Fig. 3 (a), a student is asked to find the straight line which crosses the two given 
points A and B in 3D space. She can move the base and tip of the arrow. If she rotates the viewpoint, and 
observes the 3D space from the top (from a positively distant point on the z axis) or from the side (for example, 
from a positively distant point on the x axis) in tern, she can easily recognize the locations of the points, and 
adjust the position of the arrow’s base to point A. When she adjusts the arrow’s base exactly on point A, the 
point expands the diameter for her to confirm her success. When she moves the arrow’s base, she may 
recognize that the vector equation displayed on the top right position also changes its parameters along with the 
movement of the arrow, which represents the direction vector of the line. A careful student also recognizes that 
the direction vector in the equation does not change the parameters and only the position vector to the base 
change the parameters when she moves the arrow’s base. The direction vector only changes its parameters 
when she moves the tip of the arrow. When she adjusts the line defined by the arrow to cross both points A and 
B, the displayed vector equation becomes the right answer to this worksheet. Thus she learns the relation of 
symbolic and visual representations experimentally. 
In the worksheet shown in Fig. 3 (b), a student is asked to find the plane which crosses the given three 
points A, B, and C in 3D space by adjusting the base point of two arrows and their tip points. The two arrows 
represent direction vectors of the vector equation displayed at the bottom of the window. The equation is 
related to the arrows in 3D space and changes its parameters simultaneously with the graphic objects. As in the 
worksheet of finding lines, the worksheet has two activities; matching the plane to the target graphically and 
finding the values of parameters. Although the worksheet also shows another vector equation at the top right 
corner of the window, which is expressed with normal vector to the blue plane, the relation between this 
equation and the graphical representation is not clear in this worksheet. 
 
 
Fig. 4. (a) Finding the distance of a plane from the origin; (b) Finding the distance of a line from the origin 
A normal vector to a plane can be used to calculate the distance between the plane and the origin as shown 
in Fig. 4 (a) using a scalar product with the position vector to a point on the plane. In this worksheet, a student 
has opportunities to experiment with possible vector equations by selecting them from the pop-up menu one by 
one. The length of the normal vector can be changed with a slider, and the position vector pointing a point on 
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the plane can be moved in the plane with mouse-dragging. It also suggests the use of unit normal vector as a 
mean to calculate the distance between the plane and the origin. Novice students might be confused with 
several possible equations to express a plane or possible formulas to calculate the distance, but it is expected to 
guide the students to recognize the fact that the parameters of the equation must be unchanged even if they 
changed the position vector pointing any point on the plane by dragging the point. Two-dimensional version: 
Fig. 4 (b) also helps students to find the fact. 
2.3. Combination of the virtual game and interactive worksheets 
Virtual game was a modest success. It attracted students’ attention, conjured heated discussion between the 
students, and made 3D vectors a familiar learning material to them when we set the in-class game twice during 
the term, the first as the introduction to 3D vectors and the last for the students to apply their learnt knowledge. 
However the rule of the game was too simple, especially for the last game where the students analyse the 
winning tactics and try to win the game. On the other hand, only a few students used the interactive worksheets 
as their extra curricular works, mainly because the worksheets’ educational values are unknown to the students. 
This is another reason why we decided to combine the game and interactive worksheets together. To do this 
we introduced the function to train avatars through exercises on the interactive worksheets. When a students 
use one of the worksheets in the learning system, learning point is accumulated to his account, the added point 
depends on the amount and difficulty of the exercises. With the accumulated learning points, the student can 
improve his own avatar by simply stretching the length of its characteristics vector, thus increase its general 
strength, or purchasing special items that can be used to add a power optimized to some type of battles. Both 
actions increase the avatar’s advantage at battles but in different ways, so the aggressive students may have 
more options to devise their winning tactics at the last game. A team increases its winning potential at the 
tournament as many team-members train their avatars through the learning system. 
3. Increasing the reality 
3.1. Metamorphoses of avatars 
To attract more students to the leaning system, we added avatars the ability to metamorphose. A student’s 
avatar metamorphoses if he accumulates the learning point to a certain threshold. Metamorphosed avatar’s 
graphic icon is decided by its basic avatar-type, and there are two metamorphosing steps as shown in Fig. 5. 
Because the visual changes are apparent to every student, metamorphosed avatars broadcast their owners’ 
learning effort on the learning system and their advantages at the battles to all the classmates. The idea of 
metamorphoses is familiar to young Japanese students because of a popular TV program, it expects to attract 
some of the students to the learning system. 
3.2. New rule of the battle 
New battle system uses two video projectors, each assigned to a competing team, and displays every attempt of 
the teams on the screens simultaneously. The battle is composed of two stages, targeting stage and fixing stage. 
Each stage has a limited time period to accomplish the task, and the team who has accomplished the two tasks 
faster becomes the winner. In the targeting stage, the players are requested to overlay the working plane to the 
target plane in a limited time period as shown in Fig. 6 (a). A base point and two direction vectors of the 
working plane are directly adjustable by mouse dragging. Target is shown as a plane: a graphic object, or as a 
vector equation: a symbolic representation. When it is shown graphically, adjusting requires little mathematical 
knowledge, but when it is shown only as a vector equation, the player needs a knowledge how the equation is 
related to the graphic feature of the plane for quick adjusting. If a player overlay the working plane to the target 
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before the assigned period, he can advance to the second stage and start the second task earlier. 
 
Fig. 5. An example of avatars’ metamorphoses 
 
 
 
Fig. 6.  (a) Targeting stage to settle the target plane; (b) Fixing stage to adjust an avatar’s vector as close to the target plane as possible 
And if the player cannot overlay the working plane in time, he has to manage the next task without the 
target plane because only his working plane remains to be displayed on the screen in the second stage. He has 
to guess the position of the target plane from his working plane. The task in this stage is quite similar to the 
ones on the learning system as shown in Fig. 3 (b). 
In the fixing stage, the player tries to adjust the tip of the avatar’s vector on the target plane as shown in Fig. 
6 (b). A horizontal slider on the left side of the window changes the length of the avatar’s vector, and 2D 
locator controls the angles of the vector to the axes. He is allowed to select one of his teammates’ avatars 
including his own. Because each avatar has different standard length and angles and adjustable domains, 
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selecting the optimum avatar for the battle influences the result. The team with more teammates who have 
learnt through the web-based learning system has the advantage with more flexible avatars of wider adjustable 
domains of their vectors’ length and angles. When one of the competing teams adjusts its playing avatar’s 
vector to the target plane, faster team wins the battle. If both teams fail the task, the team with the playing 
avatar whose tip is closer to the target plane becomes the winner. The task in this stage lets the students to use 
the least performed process in the topic, calculating the distance between a plane and a point in 3D space, and 
the experience on the worksheets in Fig. 4 (a) helps a lot. 
4. Preliminary effect of the virtual game and the learning system 
We have introduced the virtual game in 2011 academic year as the introduction to 3D vectors, the 
combination of two in-class games and web-based learning system in 2012, and improved the reality of the last 
game in 2013. According to the questionnaire to 40 second-year students in 2012, 40% of them increased their 
willingness to the game because of the combined system, and 18% of them actually used the learning system 
for the sake of getting training points for their avatars. Some of them also pointed that the interactive exercises 
helped them to recognize the need to connect graphic and symbolic representations of 3D vectors to lean more 
meaningfully. In 2013, the users of the learning system increased to 40%. Increased reality of the last game 
might be contributed to it. 
 
Table 1. Students’ activities at out-of-class exercises on 3D vector equations 
Academic year 
(Spring semester) 2010 2011 2012 2013 
Introductory Activities (None) Virtual game Game &  learning system
More reality in 
the game 
Final passing-
rate*1 
Basic 80% 83% 84% 87% 
Advanced 50% 56% 69% 63% 
Efforts index*2 
Basic 1.11 1.35 1.40 1.21 
Advanced 0.67 0.97 1.05 1.82 
*1 At our pencil-and-paper exercises, students who didn’t get the passing mark at in-class quizzes are given additional opportunities 
to solve the problems at out-of-class exercises under the supervision of teaching assistants.  Well-explained answer sheets at the 
out-of-class exercises also receive passing marks. 
*2 Students are allowed to challenge the same problem in the out-of-class exercises until they finally succeed. Efforts index 
becomes 1.0 if all the candidate students tried to solve the problem just once in one of the out-of-class exercises. Success or fail 
does not matter. Lower efforts index than 1.0 means that some students gave up to tackle the problem. 
 
The effect of the game, combined system, and increased reality in the game was also measured by the 
students’ attendance to the out-of-class exercises and their final passing rate. The students of 2011 showed 
higher efforts indexes for the pencil-and-paper based exercises, in which students were requested to explain the 
difference of vector equations for lines and planes in 3D space (Table 1). Since slow learners tended to avoid 
the exercises of 3D vectors, increased efforts indexes were a forward step. The efforts index increased 
especially for the advanced exercise, in which many slow learners had given up easily in previous years. 
In 2012 and 2013, the students also increased their final passing-rate for the advanced exercises. More slow 
learners continued their effort on the exercises and fewer students gave up during the term. The virtual game 
and combined system seemed to have encouraged the students to learn 3D vector equations without giving up. 
However, we don’t know yet if these motivated students understood the concept deeper as we have not 
observed any positive influence of the virtual game or combined system on the students’ standard test scores. 
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We still need to use the game and learning system and observe the students’ activities further, and to analyze 
their performance on comparable problems at INCT achievement tests. 
Current system also has limitations. CDF documents, which current learning system depends on, operate 
rather slowly on old PCs. Students’ terminal PCs need to be faster-running machines as we implement more 
sophisticated functionality with longer source code. To avoid too slow operation of the worksheets when we 
use older machines as the user terminal, we have divided the necessary functions into several parts and 
separated a big worksheet into smaller ones. 
5. Conclusions 
A virtual game combined with a web-based learning system has developed and introduced in a college of 
technology for encouraging engineering students to learn 3D vector equations with more reality. Before the 
introduction, the rather abstract mathematical idea and process had not been seriously learnt, and the students’ 
achievement had been the lowest among pre-college mathematics topics. The game, as an actual application of 
3D vectors was shown to be a good introductory activity to the topic. Partly hoping to enjoy the in-class game 
more, students increased their learning activities both on the web and on the paper, and improved their average 
performance in the term. We have to wait to know if it also deepens the students’ understanding of the topic 
until we measure their performance in the coming INCT standard tests. 
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